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Abstract 

We show that the gauged SL(2,R) WZWN model yields arbitrary spacetimes in two di- 
mensions. The c = 1 matter coupled to gravity and the black hole singularity are just two 
particular cases in these spacetimes. 
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Since the discovery of the existence of a two dimensional black hole in the coset model 
SL(2,R)/U(l) [1] and as a solution to the string beta functions [2,3], many efforts have 
been devoted to this subject. In particular, attempts have been directed towards under- 
standing the relationship between the black hole and the c = 1 matter field coupled to 
two dimensional gravity [4-10]. All the evidences point to the fact that these two theories 
might have the same origin. 

In this note, we show that by gauging the U(l) isometry subgroup of the SL(2,R) 
WZWN model one obtains an arbitrary geometry for the two dimensional target-space. 
The c = 1 matter coupled to gravity and the black hole are just two particular cases in 
this arbitrary geometry. 

This arbitrariness in the geometry arises from the mathematical formalism of gauging 
an isometry subgroup of a general non-linear sigma model [11,12]. This formalism was also 
recently used to identify the perturbations, by (1,1) conformal operators, of the black hole 
found in the SL(2,R)/U(1) coset model [13]. 

Our starting point is the ungauged SL(2, R) WZWN action 

%) = ^/ s ^v / 77^r[( 5 - 1 ^)(^- 1 ^); 

+ -^J B d 3 y^Tr[(g~%g)(g- 1 d u g)(g- 1 d p g)] . (1) 

Here B is a three dimensional manifold whose boundary is X and Tr is the trace in the two 
dimensional representation of SL{2,R). Let us parametrize the SL(2,R) group manifold 
by 

9= ( l v 1 ) , ab + uv = l . (2) 
In this parametrization, the above action yields 

/(0) = ^ / d 2 x (Sr-TGi, + e^Bij) d^drf , (3) 

where the target-space metrice and the antisymmetric tensor Bij are 
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Here 1 = a, 2 = u, 3 = v. 
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A general non-linear sigma model as given in (3) possesses a global U(l) isometry 
symmetry given by 

6^ = eK\4>) , (5) 

provided that K % is a Killing vector of the metric G^ and the antisymmetric tensor Bij 
satisfies 

dtBijK 1 + B l3 d t K l + B u d K l = ViLj - V,L, , (6) 

for some target-space vector Li [14]. 

This global U(l) symmetry can be made local by introducing a (7(1) gauge field 
transforming as 

SA„ = -d,e . (7) 
The most general action involving the gauge field is written as [11,12] 

hanged = ^ / d 2 x{ ^» G^D ^ D v <jt + B tJ d^%^ - 2d»C i A lt d„<j> i } , (8) 

where 

D^ 1 = <W + A^K' 1 (9) 
and the target-space function Ci(<f>) is given by 

d = BijK j + U . (10) 

Local gauge invariance implies then the following equations [11,12] 

djdK' + CjdiK' = (11) 
LiK* = . (12) 

Eliminating the gauge fields from (8) results in a new non-linear sigma model of the 
form (3) with a new metric and a new antisymmetric tensor B^ given by 

Gij = G^ — — (GikGjiK k K l — CiCj^j 

B^ = B^ + — (G ik CjK k - Gj k CiK k ^j , (13) 

where 

M = G ij K i K j . (14) 



Notice that the new metric Gij would exhibit an explicit singularity if M has zeros. This 
is so if the old metric G^ is not positive definite as it is in the case when the non-linear 
sigma model is defined on a non-compact group manifold. Using equation (13) we find 

GijK j = . (15) 

Therefore due to these null eigenvectors, the metric G^ cannot be inverted and we cannot 
analyse the singularities of the gauged non-linear sigma model. To overcome this difficulty, 
a gauge fixing term must be introduced. 

We would like now to apply this analyses to the non-linear sigma model of the SL(2, R) 
WZWN action. For this, we would like to gauge the non-compact one parameter symmetry 
group generated by 

*«{(S-")' + '(S-i)}- (16) 

This transformation is of the form (5) where the corresponding Killing vectors are given 
by 

K 1 = 2a , K 2 = , K 3 = . (17) 
We deduce from equations (4) and (10) that 

Ci — Li, C 2 = L 2 , C 3 = L 3 . (18) 

Furthermore, equation (12) leads to 

C 1 = L 1 = (19) 

while equation (11) is solved by 

C 2 = f(u,v) , C 3 = h(u,v) , (20) 

where f(u,v) and h(u,v) are two arbitrary functions. These two functions are, however, 
not independent. They are related by the defining equation for Lj. Indeed, equation (6) 
leads to 

2 = d v f(u,v)-d u h(u,v) . (21) 
This differential equation has the following general solution 

f(u,v) = v-d u X(u,v) 

h(u,v) = -u-d v X(u,v) , (22) 



where X(u,v) is an arbitrary function. Therefore the quantities C±, C2 and C3 have been 
completely determined. Consequently, the non-vanishing components of the new metric 
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The scalar curvature corresponding to this metric is found to be 
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(23) 



(24) 



Therefore, due to the arbitrariness of the function X(u, v), we can obtain any geometry 
we like from gauging the U(l) isometry subgroup of the SL(2,R) WZWN model. In 
particular if we choose 

X(u,v) = constant (25) 



then the metric Gij exhibits the black hole geometry found in [1]. On the other hand, 
the c = 1 matter field coupled to two dimensional gravity is realized by all the functions 
X{u,v) which are solutions to the differential equation 



A = 



(26) 



This arbitrariness in the geometry is better understood in the language of the SL{2, R) 
group manifold. It turns out that the metric in (23) arises, upon eliminating the gauge 
field, from the following action 

I(g,A) = I{9) + ^j d'x^Tr^A^l \ ) g^d v g + 4, ( J \ ) d^gg' 1 
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(27) 



Without the last term, this action is what is commonly written down for the SL(2, R)/U(l) 
WZWN model [15,16] when gauging the U(l) subgroup as given in (16). The last term, 
however, is a topological term 



k_ 
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J d 2 xe^F^ u X (u, v) 



(28) 



whose presence is required by the mathematical structure arising from gauging the U(l) 
isometry of a general non-linera sigma model. Therefore, there is no reason for ignoring 
such a term when dealing with gauged WZWN models. Furthermore, this is the same term 
which was interpreted in ref.[13] as generating perturbations, by (1, 1) conformal operators, 
of the SL(2,R)/U(1) black hole. 
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